We use group cohomology and the de Rham complex on simplicial manifolds to give explicit differential forms representing generators of the cohomology rings of moduli spaces of representations of fundamental groups of 2-manifolds. These generators are constructed using the de Rham representatives for the cohomology of classifying spaces BK where K is a compact Lie group; such representatives (universal characteristic classes) were found by Bott and Shulman. Thus our representatives for the generators of the cohomology of moduli spaces are given explicitly in terms of the Maurer-Cartan form. This work solves a problem posed by Weinstein, who gave a corresponding construction (following Karshon and Goldman) of the symplectic forms on these moduli spaces.
Introduction
Let K be a compact connected semisimple Lie group, and let β be an element in the center Z (K) . If Σ is a closed 2-manifold of genus g ≥ 2 with fundamental group Π, and Σ 0 = Σ−D 2 , then π 1 (Σ 0 ) = F where F is the free group on 2g generators. There is an associated moduli space of representations M β = Y β /K where Y β = {ρ ∈ Hom(F, K) : ρ(R) = β} and K acts on Hom(F, K) by conjugation. Here R is the element of F corresponding to a loop winding once around the boundary ∂Σ 0 . Because β is in the center Z (K) , each point in the space M β gives rise to a representation of the fundamental group Π of the closed surface Σ into the group K c = K/Z (K) .
The space M β has two alternative descriptions. Via the holonomy map, M β may be identified with the space of gauge equivalence classes of flat connections on a principal K bundle over Σ 0 , for which the holonomy around the boundary ∂Σ 0 is the element β. We obtain a second alternative description once we fix a complex structure on Σ: then M β becomes identified with a space of semistable holomorphic vector bundles (of prescribed rank and degree) over Σ.
Atiyah and Bott worked in this holomorphic setting, and described the generators of the cohomology ring of M β in terms of a holomorphic vector bundle U over M β × Σ (the universal bundle), whose restriction to a point m ∈ M β is the holomorphic vector bundle over Σ corresponding to m. The Künneth decomposition of the Chern classes of U yields classes in H * (M β ) which are the generators of the cohomology ring. The purpose of the present paper is to give an explicit description of these generators in a representation theoretic setting, using group cohomology.
Our starting point is the paper [W] of Weinstein: the construction we present below generalizes Weinstein's construction of the symplectic form on moduli space, whose cohomology class is one of the generators described above. Goldman [G] constructed the symplectic form using group cohomology, but his proof that this form was closed used its gauge theory description. Karshon [K] gave the first group cohomology proof that the symplectic form was closed. In [W] , Weinstein interpreted Karshon's construction in terms of the realization of H * (BK) via the de Rham cohomology of simplicial manifolds, which is due to Bott and Shulman [B1, Sh] . Here we extend Weinstein's treatment to all the generators of H * (M β ); 1 this problem was posed in the final section of [W] .
The key advance which facilitates our construction is a description of the universal bundle and its base space Σ × Y β as simplicial manifolds; such a description is possible since Σ is a realization of BΠ and Σ 0 a realization of BF. The spaces EK and BK may also be described as simplicial manifolds, and we exhibit the classifying map for the universal bundle as a map of simplicial manifolds. The generators of H * (M β ) are given by pairing the characteristic classes of the universal bundle with homology classes of Σ via the slant product; in the present setting the relevant homology classes are classes in the group homology of Π.
One feature which we generalize from [W] is the role of equivariant cohomology. For any group G, the total space of the classifying bundle EG over the classifying space BG is equipped with an action of G which covers the action of G on BG associated to the adjoint action of G on itself. We construct a universal bundle E over Σ × Y β , which is equipped with an action of K covering the action of K on Σ × Y β . The classifying map for E is a K-equivariant map; our de Rham representatives for the generators of the cohomology ring of M β (Theorem 7.1) are obtained by using the classifying map to pull back equivariant cohomology classes from the classifying space. (The appropriate classifying space is BK c rather than BK, where K c = K/Z(K).) These equivariant characteristic classes appear naturally in the Cartan model for equivariant cohomology via an equivariant version of the Chern-Weil map [BGV] ; we evaluate invariant polynomials on an equivariant extension of the curvature form of a distinguished invariant connection on the classifying bundle EK c over BK c . Thus we have constructed the 'grand unified theory' conjectured in the final section of [W] , in which extensions of characteristic forms to equivariantly closed forms appear naturally.
Finally in Theorem 8.1 we generalize our construction to give equivariantly closed forms on the extended moduli space X β , a noncompact Hamiltonian K-space which contains Y β as the zero locus of the moment map, so that M β may be obtained from X β by symplectic reduction. The explicit description of the de Rham representatives for the generators (Propositions 7.2 and 8.2) will be a key step in a future paper on intersection pairings in H * (M β ), where we shall require explicit representatives for the equivariant cohomology classes on X β , to estimate their growth and show they satisfy appropriate boundedness properties as the value of the moment map on X β tends to infinity. This paper is organized as follows. In Section 2 we give the representation theory definition of the universal bundle, which is reworked in the setting of simplicial manifolds in Section 6. Section 3 contains background material on simplicial manifolds and the de Rham complex on simplicial manifolds; Section 4 explains the simplicial realization of the classifying space BG and the Bott-Shulman construction of universal characteristic classes, while Section 5 gives the generalization of the Bott-Shulman construction to equivariant cohomology. Sections 7 and 8 contain our final results: Section 7 exhibits the generators of the cohomology ring of M β by pulling back equivariant characteristic classes from H * (BK c ) via the classifying map, while Section 8 gives the generalization to equivariant cohomology classes on the extended moduli space X β which restrict on Y β to the classes from Section 7.
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Definition of the universal bundle
Let K be a compact connected semisimple Lie group, and let K c = K/Z (K) . We start with the following construction of a family of principal bundles over a closed 2-manifold Σ of genus g ≥ 2 (the universal bundle) which generalizes a construction given in [T] . LetΣ ∼ = D 2 be the universal cover of Σ, and let Π = F/R be the fundamental group of Σ; here, F = F 2g is the free group on 2g generators x 1 , . . . , x 2g , and R is the normal subgroup generated by the relator R =
for some groups K and some choices of β (for instance K = SU(N) and β a generator of Z(K)) the space M β is a smooth manifold. Instead of working on M β we shall equivalently work with K-equivariant objects on Y β .
We form the universal bundle π : E → B = Σ × Y β as follows, with fibre K c = K/Z(K). The universal bundle may equivalently be described as a family E of flat bundles over Σ 0 = Σ − D 2 , such that for a point ρ ∈ Y β (for which the corresponding point [ρ] ∈ M β specifies an equivalence class of flat bundles), the bundle E| Σ 0 ×ρ is the flat bundle parametrized by ρ. We define the bundle E by
where p ∈ Π = π 1 (Σ) acts 2 onΣ × Y β × K c as follows:
Here,p is an element of F which descends to p ∈ Π under the quotient map. Notice that since ρ(R) = β ∈ Z(K), the element ρ(p) is well defined in
Now the bundle E is equipped with an action of K, which is given by an action oñ Σ × Y β × K c as follows:
It is easy to verify that this action is compatible with the action of Π onΣ × Y β × K c , and so it descends to a well defined action on the bundle E. The K-equivariant principal bundle E over Σ × Y β may be thought of as a principal bundle over Σ × M β .
Simplicial manifolds
denote the standard n-simplex. A simplicial manifold X = {n → X(n)} is a contravariant functor from the category of simplices to the category of C ∞ manifolds. In particular, to every nonnegative integer n there is associated a manifold X(n) (corresponding to △ n ), and there are a collection of maps ǫ i : X(n) → X(n − 1) (the face maps) for 0 ≤ i ≤ n which are functorially associated to the inclusion maps ǫ i : △ n−1 → △ n of the i'th face. (There are also degeneracy maps δ * : X(n−1) → X(n) associated to simplicial maps δ : △ n → △ n−1 , but these will not directly concern us.) See for instance [Du, Ge, Se1, Se2] for a more extensive discussion of simplicial manifolds, and Chapter 1 of [M] for background on simplicial objects.
There are two versions of the de Rham complex on a simplicial manifold X, which appear in the work of Dupont [Du] (Section 2). One version corresponds to the fat realization X of X, which is defined as the quotient space of n △ n × X(n) by the equivalence relation
Following Dupont [Du] , we then make the following definition of a k-form on X: There is a second bicomplex A * , * (X) which represents the de Rham complex on the simplicial manifold X:
we define the differential δ by
Lemma 2.3 of [Du] gives a chain homotopy equivalence between the double complexes A * , * (X) and A * , * (X). In one direction the map I :
giving rise to the chain homotopy is defined by integration over the simplex △ n :
Let G be a real Lie group with Lie algebra g. Then there is a standard realization (see for example [Se1] ) of the classifying space BG and the universal bundle EG → BG as simplicial manifolds, which is given as follows. (See also [Du] , Section 3.) We define simplicial manifolds NG and NG by
Here, the face mapsǭ i : NG(n) → NG(n − 1) are as follows:
while the face maps ǫ i : NG(n) → NG(n − 1) are given by
There is then a map of simplicial manifolds q : NG → NG given by a collection of maps
The simplicial G-bundle NG q → NG is the simplicial realization of the G-bundle EG → BG. The action of G on the total space NG(n) of the principal G-bundle NG(n) → NG(n) is given by the action of G on NG(n) = G n+1 by right multiplication. In the case X = NG, the bicomplex (A * , * (X), δ, d) is the bicomplex referred to in [W] as the de Rham-bar bicomplex.
Now suppose the group G is acted on by another group H, in other words that there is a homomorphism from H to Aut (G) . Then the simplicial manifold NG is also acted on by H. We shall consider the case when H = G acts on G by the adjoint action. In this case the action of G on itself by left multiplication gives rise to an action of G on NG which covers the adjoint action of G on NG.
3 Explicitly, the action of G on NG(n) is given by
while the action on NG(n) is given by
Thus for this particular action (the adjoint action of H = G on G), we have exhibited the structure of an H-equivariant bundle on the simplicial bundle NG → NG. The existence of this H-equivariant bundle structure will be crucial for what follows: it does not hold for general actions of H on G.
Characteristic classes
In this section, let G be a compact connected Lie group with Lie algebra g. In terms of the construction of NG and NG as simplicial manifolds, there is a standard construction of generators for H * (BG) (in other words, of characteristic classes) due to Bott and Shulman [B1, Sh] . According to these references, an invariant polynomial Q ∈ S(g * ) G of degree r gives rise to differential forms Φ n (Q) ∈ Ω 2r−n (G n+1 ) which in fact pull back from differential forms Φ n (Q) ∈ Ω 2r−n (G n ) under the projection maps q n defined in (3.9). These forms are compatible with the face maps of NG and NG, and fit together to form a closed form of degree 2r (in the sense of Definition 3.1) on NG (see [Sh] Proposition 10 or [B1] Section 1).
These differential forms are constructed as follows (see [Du] Lemma 3.8, [Ge] , and [Sh] Section II). We let θ ∈ Ω 1 (G) ⊗ g be the (left invariant) Maurer-Cartan form on G. Also, let θ ∈ Ω 1 (G) ⊗ g be the corresponding right invariant form: in other words θ(gη) = η =θ(ηg), where g ∈ G and η ∈ g. Defining pr i : G n+1 → G (i = 0, . . . , n) as the projection on the i'th copy of G, we denote pr
This is a connection on the principal G-bundle
to be the curvature of the connection θ(t). We then define
In other words, Q(F θ(t) ) represents an element in A * , * (NG) and Φ n (Q) represents the corresponding element in A * , * (NG). The Φ n (Q) give a differential form Φ(Q) on the (simplicial) total space NG, which pulls back from a differential form (in the sense of Definition 3.1) Φ(Q) = {Φ n (Q), n = 1, . . . , r} on NG. One may take Φ n (Q) = σ * n Φ n (Q), where σ n are sections of the bundles q n : NG(n) → NG(n) (3.9) given by
Each term in F θ(t) contains at most one power of dt i , so for n > r, Q(F θ(t) ) restricts to 0 on △ n and one finds Φ n (Q) = 0 ( [Sh] , Proposition 10). The map Q → Φ(Q) is called the Bott-Shulman map. By construction Φ(Q) is closed under the total differential D which is given (on elements of form degree
In other words,
The Bott-Shulman map gives a collection of differential forms on the simplicial realization NG of BG, which are representatives in de Rham cohomology for the elements of H * (BG).
Example. Let G be a compact connected Lie group with Lie algebra g, and let
be the quadratic form on g determined by an invariant inner product ·, · . Then we find that
Here, θ 1 = pr * 1 θ is the (left invariant) Maurer-Cartan form on the first copy of G andθ 2 = pr * 2θ
is the corresponding right invariant form on the second copy of G.
4 We use the following (standard) sign convention for total differentials of double complexes C * , * with differentials
5 Equivariant characteristic classes
The equivariant simplicial de Rham complex
Let us now consider the equivariant analogue of the construction given in the previous section. For a general manifold M acted on by a compact connected Lie group H, there is an equivariant analogue Ω * H (M) of the de Rham complex (the Cartan model -see [BGV] , Section 7.1) whose cohomology is the equivariant cohomology H *
The grading on this complex is given as follows.
which is of degree r as a polynomial in φ and of degree p as a differential form on M, then it is assigned grading p + 2r. The differential on Ω *
whereφ is the vector field on M generated by φ and ι is the interior product.
Remark. The operators d and ιφ on Ω * H (M) in fact anticommute (since dιφ + ιφd = Lφ, and the Lie derivative Lφ vanishes on Ω * H (M).) Thus Ω * H (M) may itself be given a bicomplex structure (see e.g. [H] , Section 1); we shall not need this structure here.
If a compact connected Lie group H acts on a simplicial manifold X, we may form two double complexes which compute the equivariant cohomology of X, by analogy with the double complexes which appeared in Section 3. One such complex (A * , *
where the differentials are the exterior differential d △ on △ n and the Cartan model equivariant exterior differential d H (5.1) on X(n). The other double complex (A * , *
where the differential δ is still given by (3.4) and the differential d H is given by (5.1). As in Section 3, a map from A * , * H (X) to A * , * H (X) is given by integration over △ n .
The cohomologies of the total complexes of A * , * H (X) and A * , * H (X) are isomorphic, since Dupont's construction ( [Du] , Theorem 2.3) of a chain homotopy equivalence between the two complexes extends to the equivariant case. Applying minor modifications of the proofs in [Ge] (combining Theorem 2.2.3 with the evident extension of Corollary 1.2.3 to simplicial manifolds), one finds that the cohomology of either of these total complexes indeed equals the equivariant cohomology of the simplicial manifold X.
Equivariant characteristic classes
Now let X be a manifold acted on by a compact connected Lie group H, and let P be a principal G-bundle over X (for some compact connected Lie group G), such that H acts on the total space of P compatibly with its action on X. Let θ ∈ Ω 1 (P ) ⊗ g be a connection on P , invariant under the action of H. We then define the moment µ ∈ (C ∞ (P ) ⊗ g) H ⊗ h * (see Section 7.1 of [BGV] ) by 4) whereφ is the vector field on P generated by φ ∈ h. Given an invariant polynomial Q ∈ S(g * ) G , we may form the corresponding equivariant characteristic class of P , which has a representative in the Cartan model given by ( [BGV] Theorem 7.7)
This differential form represents a class in H * H (P ) which is the pullback of a class in H * H (X), the equivariant characteristic class corresponding to the invariant polynomial Q.
Equivariant version of the Bott-Shulman map
We shall now specialize the construction of Section 5.1 to the case when the simplicial manifold X is NG or NG, and the group H acts on NG and NG compatibly with the projection map from NG to NG. We require also that the connection θ(t) (4.1) on △ n × NG(n) be preserved by the action of H. This is true, for instance, when G is a quotient of H and H acts via the left action of G on NG and the adjoint action of G on NG. The connection θ(t) (4.1) on △ n × NG(n) is then invariant under this action of G. Hence, according to Section 5.2, an invariant polynomial Q on g of degree r gives rise to an element
which pulls back from Φ H (Q) ∈ A * , * H (NG) and represents the equivariant characteristic class associated to Q in the Cartan model for Ω * H (BG). We denote the component on NG(n) by Φ H n (Q) ∈ Ω 2r−n H (NG(n)). In the same way as in (4.4-4.6), we have
Example. Let Q 2 be as in (4.8). The moment µ(θ) (corresponding to the Maurer-Cartan form θ ∈ Ω 1 (G) ⊗ g, which yields the connection θ(t) on NG given by (4.1)) is defined by µ(θ)(φ) = −ιφθ. Now for the action of H = G on G by left multiplication, we have
(in the notation of (5.4)). This leads to
where 6 The classifying map for the universal bundle
In this section, we describe our construction (from Section 2) of the universal bundle E → B = Σ × Y β in terms of simplicial manifolds.
We now take the group G in (3.5-3.6) to be the fundamental group Π of the closed 2-manifold Σ. Recall that K was a compact connected semisimple Lie group and K c = K/Z(K). Then we define simplicial manifolds E, B by
where Π acts by (2.3). Again the face maps of E are given by (3.7), while those of B are given by (3.8). There is a (simplicial) projection map π n : E(n) → B(n) given by
These maps fit together to give a map of simplicial manifolds E π −→ B. The spaces E and B are equipped with actions of K given by
. . , p n , tρt −1 ) (6.5) SinceΣ = EΠ and Σ = BΠ, the simplicial manifolds E and B (with K actions) together with the K-equivariant map π : E → B are the simplicial realization of the K-equivariant
We can also define maps of simplicial manifolds Ψ E : E → NK c , Ψ B : B → NK c for which the diagram
to be given by
Here, ev p : Hom(F, K) → K is the evaluation map associated to an element p ∈ F, and we have observed that Y β is contained in Hom(F, K). If p j = x r(j) in terms of the standard generators of F, and we identify Y β with a subspace of K 2g so that a point ρ ∈ Y β becomes identified with h = (h 1 , . . . , h 2g ) where h j = ρ(x j ), then in this notation we have
and similarly Ψ B (n)(x r(1) , . . . , x r(n) , h) = (h r (1) , . . . , h r(n) ). (6.10)
Further, the following is easily verified: Thus we see that Ψ B is the simplicial realization of the classifying map for the bundle
Remark: Since Σ = BΠ has cohomology only in dimensions 0, 1, 2, we shall in fact only be concerned with NK c (n) for n ≤ 2.
Pullbacks of equivariant characteristic classes
We now use the classifying maps Ψ E and Ψ B from Section 6 to pull back the equivariant characteristic classes constructed in Section 5. In this section we restrict to K = SU(N), so K c = P SU(N), and we assume that β is a generator of Z (K) . In this situation M β is a smooth manifold. This choice of K and β is the case for which the generators of H * (M β ) are given explicitly in Section 9 of [AB] .
Let Q r (r ≥ 2) be the invariant polynomial on k = su(N) which corresponds to the r'th Chern class. Then according to [AB] (Sections 2 and 9), the generators of the ring H * (M β ) (using rational, real or complex coefficients) are given as follows. We fix generators c ∈ H 2 (Σ; Z) and α j ∈ H 1 (Σ; Z) (j = 1, . . . , 2g). Let us define a rank N vector bundle U over Σ × Y β (equipped with a K action covering the K action on Y β ), whose transition functions are in SU(N) and are lifts of the transition functions of the principal K c -bundle E in (2.2) (or E in (6.1)) from K c = P SU(N) to SU(N). (Such a lift exists according to Section 9 of [AB] ; moreover, the characteristic classes of the vector bundle U defined using such transition functions are independent of the choice of lift.) We then have the following description of a set of generators of
Here, (c r ) K is the r'th equivariant Chern class, and (·, ·) denotes the canonical pairing
In the simplicial manifold description of the universal bundle (6.1-6.2), we may represent the generators of H * (Σ) by c ∈ H 2 (Π), α j ∈ H 1 (Π) where H j (Π) denotes Eilenberg-Mac Lane group homology (see e.g. [Mac] ). Thus we find the following 
Here, the classifying map Ψ B was defined by (6.8).
Let us now identify Y β with a subspace of K 2g , and write the projection on the j'th copy of K as π j : K 2g → K. We then have the following result. 
Through our choice of generators x 1 , . . . , x 2g for F, we have identified Y β with a subvariety of
In terms of this notation, each of the formsf r (φ),b
is given by a linear combination of polynomials in the quantities ev * p (θ) and Ad(ev p )(φ). Here, ev p : Hom(F, K) → K is the evaluation map associated to an element p ∈ F, and p ranges over a finite set of elements in F, while j = 1, . . . , 2g.
Proof: For any φ ∈ k, we have
Here, A = (α 1 , . . . , α 2r−2−2m ), B = (β 1 , . . . , β m ) are multi-indices, and K AB are certain constants. Also, α i , β i = 0, 1, 2, and k β refers to the β-th copy of K in K 3 . (Here, the factors involving φ result from (5.10).)
Thus also by (4.3) we have
where σ 2 :
So we havef
Finally we use the explicit description of c ∈ C 2 (F) ( [G] , above Proposition 3.1):
where ∂R/∂x j ∈ C 1 (F) denotes the differential in the Fox free differential calculus (see e.g. [G] , Sections 3.1-3.3). We may write ∂R/∂x j = f a f f where a f ∈ Z and f are certain elements in F given explicitly by words in the generators x 1 , . . . , x 2g . We have in fact
where γ α j ∈ F is given by γ
(7.12)
Thus we have from (7.9)
where ev p : Hom(F, K) → K is the evaluation map associated to an element p in F and one
Combining (7.13) with (7.7) we see that
14)
where
Using the formula (7.6) for Φ K 2 (Q r )(φ), this gives the desired result. Explicitly, if we decompose the right hand side of (7.6) as Φ
Let us define elements z τ j,α in F (for α = 0, 1, 2 and τ = 0, 1) by z
Then we have using (7.6) and (7.9)
The proof forb j r (φ) is similar but easier. Remark: If m : K × K → K is the multiplication map, and i : K → K is the inversion map, we have m (7.18) Applying this to (7.17) we get an alternative expression in terms of the generators x j for F.
Extended moduli spaces
The extended moduli space X β was defined in [J1] ; it is a symplectic space equipped with a Hamiltonian action of K, such that the space Y β treated above embeds in X β as the zero locus of the moment map. Thus the symplectic reduction of X β is the space M β = Y β /K associated to the central element β ∈ Z(K). The symplectic form on X β was given a gauge theoretic construction in [J1] , and a construction via group cohomology (using techniques similar to the present paper) was given in [J2] and independently in [H] . In this section we shall extend the results of the previous sections to obtain de Rham representatives for classes in H * K (X β ) whose restrictions to H * K (Y β ) are the classes constructed in Section 6. Let us first recall from [J1] or [J2] the definition of the space X β . We had defined an element R = g j=1 x 2j−1 x 2j x −1 2j−1 x −1 2j ∈ F in terms of the generators x j of F. The space X β is defined as a fibre product
Here, Hom(F, K) has been identified with K 2g , while △ is the diagonal in K × K and
The map e : k → K is the exponential map, and e β = β · e in terms of the element β ∈ Z(K). The space X β is equipped with two canonical projection maps pr 1 : X β → K 2g and pr 2 : X β → k, and there is a commutative diagram
We shall now adapt the techniques from Section 6 to construct a principal K c bundle E X over Σ 0 × X β , equipped with a distinguished homotopy class of trivializations on ∂Σ 0 ×X β , and with an action of K covering the action of K on X β . This K c bundle will restrict on Y β to the K-equivariant bundle E constructed in Section 6; hence its equivariant characteristic classes are the extensions to X β of the equivariant characteristic classes of the bundle E, which were used in Section 7 to construct the generators of the cohomology ring H * (M β ).
We start with a construction of spaces analogous to (6.1-6.2) and maps analogous to (6.7-6.8); the spaces (obtained from an action of F similar to (2.3)) are
These bundles are pulled back in an obvious way (via the maps pr 1 :
Denote the canonical maps E X →Ě X (resp. B X →B X ) by p E (resp. p B ): then there is an obvious commutative diagram
The maps
are defined (as in (6.7-6.8)) by
These maps give a classifying map for the bundle
In other words, the following diagram commutes:
Of course, Σ 0 has the homotopy type of BF, so E X may be regarded as a bundle over Σ 0 × X β . The action of K on E X is given by the following action on EF × X β × K c :
.) The maps in the diagram (8.13) are K-equivariant, where K acts on NK c by left multiplication and on NK c by the adjoint action.
We now construct a trivialization of E X over ∂Σ 0 × X β . Consider the map Ψ X,B (1) : B X (1) = F × X β → NK c (1) = K c determined by (8.13). Its restriction to Z · R × X β (where Z · R is the abelian subgroup of F generated by the element R) lifts to a map Z · R × X β → k, because of the diagram (8.2). Since k is contractible, this implies there is a canonical trivialization of the bundle E X over Z · R × X β . Now since Z · R = Z = π 1 (∂Σ 0 ), and in fact the map Z · R → F gives rise to a map BZ → BF which is identified with the map ∂Σ 0 → Σ 0 , we have constructed a trivialization of the bundle E X over ∂Σ 0 × X β .
Via the classifying map given by (8.13), the canonical K-invariant connection θ(t) (4.1) on NK c → NK c pulls back to a K-invariant connection on the bundle E X → Σ 0 × X β . The equivariant characteristic classes of E X are then given by pulling back the classes
Since the restriction of Ψ X,B to ∂Σ 0 × X β factors through a map to a contractible space, the classes Ψ X,B
were obtained in Section 7 by pairing Ψ B * Φ K (Q r ) with the generators of H * (Σ) via the slant product. We obtain the equivariant extensions ofã r ,b j r andf r to X β by pairing Ψ X,B * Φ K (Q r ) with the generators of H * (Σ 0 , ∂Σ 0 ) ∼ = H * (Σ). To construct these equivariant extensions explicitly, we must introduce the equivariant complex Ω * K (k), where K acts on k via the adjoint action. Now there is an equivariant map I K : Ω * +1 K (k) → Ω * K (k) which appears in the usual proof of the Poincaré lemma (see e.g. [Wa] , Lemma 4.18). The definition is as follows: for any v ∈ k and β ∈ Ω * K (k) we define (
where F t : k → k is the map given by multiplication by t andv is the vector field on k which takes the constant value v. The map I K is usually defined as a chain homotopy in the ordinary de Rham complex on a vector space; it generalizes to the equivariant de Rham complex on the vector space k because the maps F t are K-equivariant maps. More precisely, the map I K satisfies the property (8.16) in other words I K defines a chain homotopy equivalence (which is in fact equivariant). The formula (8.16) follows because I K d + dI K = 1 and also I K ιφ = −ιφI K , where ιφ is the interior product with the vector fieldφ generated by the action of an element φ ∈ k.
Let us denote the generator of H 2 (Σ 0 , ∂Σ 0 ) ∼ = H 2 (F, Z · R) by c and those of H 1 (Σ 0 , ∂Σ 0 ) ∼ = H 1 (F, Z · R) by α j (j = 1, . . . , 2g). We then have where σ = σ Q 2 = I K (e * β Φ 1 (Q 2 )) and Φ 1 (Q 2 ) = −λ = −(1/6) θ, [θ, θ] ∈ Ω 3 (K c ).
The 2-form ω ∈ Ω 2 (K 2g ) is defined (see (4.10)) by ω = (c, Ψ X,B * Ω) (8.29)
where Ω = Φ 2 (Q 2 ) = Φ K 2 (Q 2 ) = θ 1 ,θ 2 ∈ Ω 2 (K 2 ). (Here, θ i is the left invariant MaurerCartan form on the i'th copy of K, whileθ i is the corresponding right-invariant form.)
The corresponding equivariantly closed 2-formω on X β is the element in Ω Let θ ∈ Ω 1 (K) ⊗ k denote the (left invariant) Maurer-Cartan form; then each of the forms f r (X) 1 (φ),b j r (X) 1 (φ) ∈ Ω * (Hom (F, K) ) is given by a linear combination of polynomials in the quantities ev * p (θ) and Ad(ev p )(φ). Here, ev p : Hom(F, K) → K is the evaluation map associated to an element p ∈ F, and p ranges over a finite set of elements in F, while j = 1, . . . , 2g.
(b) The differential formsf r (X) 2 (φ) from Theorem 8.1 are given in terms of a basis for Ω * (k) (determined by an orthonormal basis for t and a choice of roots for the action of K on t ⊥ ) by a collection of smooth bounded functions on k.
